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I (10%) A mass-spring- damper system sz(t)+Cy(t)+Ky(t)—r(t) is with a unit mass and
unknown values of sprmg constantKand dampmg coefﬁc:entC A unit 1mpulse function
r{t)=5() generates an output response as y(I)=¢g" g™ Now if we are glven another input
function#(f) = sinz, please find th_e corresponding o‘litput fespdﬂse.

4.

0, _—
2. (5%) Find the inverse Laplace tearisform of o 4S " 2 0

3. (10%) Solve the‘following system of diffe_zrémial_equations:

& with the initial condition of x(0)=1 and y(0)=0

4. (15%) For a function (p X-2xy + yz détermme
(4a) (3%). The gradient of functlon (p at pomt P (3, 1, —2) |
(4b) (2%) What j is the physmal (or geometncal) meamng of the gradlent obtamed n (4a)'? -
(4¢) (3%) Find the curl of the gradient at point P obtained in (4a). .
(4d) (5%) Find the directional derivative of the function @ at poﬁﬁ P in the direction Qf vector

v=7i+6j+6k

(4e) (2%) What is the physical meaning of the directional derivative obtained in (4d)?

| 15 6 -12)
5. (10%) Consider a matrix A=/ 4 10 -2 |

4 8 -7/

(5a) (2%) Find the rank of the matrix A.
(5b) .(5%.) Determine the characteristic values and the ch.m'aCteriSt'ié vectors of the matrix A.

(5¢) (3%) Diagonalize the matrix A.
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6. (25%) Considering' an ong-diinensional wave equation

a?. 62
T =c —5 (1)
E e _
with bound afy__cpnditions:- _
u(0,0)=0, u(l,ty=0 forallt {2)
and initial conditions: ..
| ~ Bu(x,0 o | '
()= £x), 2450 ) =5t -

(6a) (8%) Usmg method of separ_atmg vanables [u(x z‘) F (x)G(t)] please show that Ilq (1)

can yield the followmg two ordmary d1fferent1al equatlons

d'F

kP =0
dZG J -
7 —c'kG=0 ) 4

where k is a.constant.

(6b) (12%) Applymg the boundary and 1n1t1a1 conditmns [1 e. Egs. (2) and (3)] please show

that the solut}cm of the one- d1mens:0nal wave equat:on is
.. u(x _"'t) =% (B Co§ ?L:n'ti il-”i?;l.sji'ri_?.\n t)sm% X _ (5)
.Where
L

Ay =S8 = —f f(x) sin~>dx, -~ Bj = 'gf; f$8(3} sin?_dx-

 (6¢0) (5%) Please find the-deﬂection u(x,1) ofa vibrating string (L =7, ¢* =1} corresponding

to zero velocity and initial deflection: J(x)=>5sin3x.
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7. (15%) Consider the following periodic function f(x) with a period of 2m;

Y if—-mi2<x<m/2
f(x)= . - .
O ifn/2<x<37/2

"1a. (10%) Find its Fourier series.

'Tb. (5%) By calculating _[' |/ (x)fzdx , show that -

111 g
}+33”+~"5~;+-77+"':—

8. (5%) Show that the éomplex function f(z)=z" isnot analytic where 2" denotes the complex

conjugate of z.

9. (5%) Let C, be an arbitrary closed path cdntaining'thé'o'rigin of the complex plane as shown in

the figure below.

Yol

Knowing that L ;dz =27 over the unit circle Cp in the counterclockwise sense, show that

L ;dz =27 aver C, by using the Cauchy’s integral theorem.



