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1. Itis well known that a radioactive substance decompose at a
rate proportional to the amount of the substance. If at time =
0 sec, the mass of a radioactive substance is 4 grams and the
proportional constantis -1.2x10""sec™. (a) Please write
down the ordinary differential equation describing the rate of
decomposition of the radioactive substance (5 %). (b) Please
solve the ordinary differential equation and determine the mass
of the radioactive substance at time = 10" sec. (10%)

2. Determine the steady-state output of the following ordinary
differential equation by means of the complex method.(10%)

y +2y +2y=cos2t
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Recall that for an n-dimensional matrix operator 4 the characteristic
equation is of the polynomial form
det(4—Al)=(-D)"A" + @ A" +--+a, =0,

According to the Fundamental Theorem Algebra, this equation must have
at least one root, and so there must exist at least one eigenvalue. For the
infinite-dimensional case, this situation is not necessarily true.
(a) Show that .

Y'+ay=0,  2y0)-yM)+4y'1)=0, y(0)+2y'(1)=0

has no eigenvalues. (13%)

(b) By contrast, show that for
y'i+ady=0,  y0)-y1)=0, y'(0)+y'(1)=0
every A (real or complex) is an eigenvalue! (12%)
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Given the partial differential equation with the boundary conditions as:

o ax’

Initial condition u(x,0)= sinx, Z—u( x,0)=0 when 0<x<m
t

Boundary condition: u(0,z) = 0,u(x,t) =0, when t>0

(a) Please list any least on physical system which can be described by the PDE

equation mentioned above. Please be specific.(5%)
(b) Determine the u(x,t) by solving the PDE equation with the given

conditions.(13%)
(c) If the PDE equation is changed to a non-homogenous equation given as:

Initial condition: u(x,0) = sinzx, %21( x,0)=0 when 0<x<m

Boundary condition: u(0,t)=0,u(x,t)=0, when t>0

Please show the steps in determining the u(x,t) ? You don’t need to solve
the non-homogenous equation completely, just specify the necessary
changes as compared to solving the problem in part (b). (7%)

FOKA

1. f(z)=z*, where z is a complex number. Please use Cauchy-Riemann
equations to show that f(z) is analytic. (5%)

2. The function f(z)=z"sinz is integrated counterclockwise around the
unit circle C. (a) Find the Laurent series of f(z) (5%), (b) Find the
result of the integration (5%).

3. Find the answer of the following integration: (10%)

7 dx
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